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TRIPLE CORRELATIONS OF FOURIER COEFFICIENTS OF CUSP FORMS
YONGXIAO LIN
Abstract. We treat an unbalanced shifted convolution sum of Fourier coefficients of cusp forms. As
a consequence, we obtain an upper bound for correlation of three Hecke eigenvalues of holomorphic
cusp forms
ř
Hďhď2H W
`
h
H
˘ř
Xďnď2X λ1pn ´ hqλ2pnqλ3pn ` hq, which is nontrivial provided that
H ě X2{3`ε. The result can be viewed as a cuspidal analogue of a recent result of Blomer [1] on triple
correlations of divisor functions.
1. Introduction
Recently Blomer [1] established an asymptotic formula with power saving error term for certain types of
triple correlations of divisor functions. Motivated by his work, we are going to prove a cuspidal analogue.
While shifted convolutions of two Fourier coefficients have been an extensively studied topic, there seem
to be few results available on the correlation of three Fourier coefficients, with power saving error term.
For instance, one of the highly interesting and open problems in analytic number theory is to find an
asymptotic formula for
(1) DhpXq “
ÿ
nďX
τpn´ hqτpnqτpn ` hq,
where τpnq denotes the divisor function. It is conjectured that
(2) DhpXq „ chXplogXq3,
as X Ñ8, for some positive constant ch. Browning [5] suggests that one should take
(3) ch “ 11
8
fphq
ź
p
ˆ
1´ 1
p
˙2ˆ
1` 2
p
˙
,
for an explicit multiplicative function fphq, and is able to prove that (2) is true on average, namely
(4)
ÿ
hďH
`
DhpXq ´ chXplogXq3
˘ “ opHXplogXq3q
for H ě X3{4`ε.
Using spectral theory of automorphic forms, Blomer [1] improved the range of H substantially to
H ě X1{3`ε and produced a power saving error term. Furthermore, Blomer’s approach seems to be
flexible enough to be adapted to the study of more general correlation sums.
Theorem 1.1 (Blomer [1]). Let W be a smooth function with compact support in r1, 2s and Mellin
transform xW . Let 1 ď H ď X{3 and rdpnq be the Ramanujan sum. Let apnq, for X ď n ď 2X, be any
sequence of complex numbers. Thenÿ
h
W
ˆ
h
H
˙ ÿ
Xďnď2X
apnqτpn` hqτpn ´ hq “ HxW p1q ÿ
Xďnď2X
apnq
ÿ
d
rdp2nq
d2
plog n` 2γ ´ 2 log dq2
`O
ˆ
Xε
ˆ
H2
X1{2
`HX1{4 ` pXHq1{2 ` X
H1{2
˙
}a}2
˙
.
(5)
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Here }a}2 “ p
ř |an|2q 12 is the ℓ2-norm. The first term in the O-term above comes from the smooth
approximation of the sum on the left. The second one comes from the treatment of the “minus-case”
after application of Voronoi summation of the divisor function. The last two terms come from spectral
methods.
As a corollary, Blomer obtains
Corollary 1.2 (Blomer [1]). Let W be a smooth function with compact support in r1, 2s and Mellin
transform xW . Let 1 ď H ď X{3. Thenÿ
h
W
ˆ
h
H
˙ ÿ
Xďnď2X
τkpnqτpn ` hqτpn´ hq “ xW p1qXHQk`1plogXq
`O
´
XεpH2 `HX1´ 1k`2 `XH1{2 `X3{2H´1{2q
¯
,
(6)
where τk is the k-th fold divisor function, and Qk`1 is a degree k ` 1 polynomial.
The result is non-trivial for X
1
3
`ε ď H ď X1´ε, which in the case of k “ 2, substantially improves
Browning’s result.
Note that since the divisor function can be viewed as the Fourier coefficient of Eisenstein series, one
naturally would ask what will be the case if the divisor functions are replaced by Fourier coefficients of
cusp forms. Blomer [1] remarked that if one uses Jutila’s circle method and argues as in [4], then one
might obtain an analogous result. The purpose of this note is to carry this out in detail. It turns out
that new difficulties arise, making it difficult to obtain a range for H as good as the divisor function case.
Namely, we are not able to ‘open’ the Fourier coefficient as Blomer does with the divisor function. We
obtain the following result.
Theorem 1.3. Let 1 ď H ď X{3. Let W be a smooth function with compact support in r1, 2s, and apnq,
X ď n ď 2X, be any sequence of complex numbers. Let λ1pnq, λ2pnq be Hecke eigenvalues of holomorphic
Hecke eigencuspforms of weight κ1, κ2 for SL2pZq respectively. Then
(7)
ÿ
h
W
ˆ
h
H
˙ ÿ
Xďnď2X
apnqλ1pn` hqλ2pn´ hq ! XεX
H
ˆ
pXHq1{2 ` X
H1{2
˙
}a}2.
One should compare our result with the third and fourth terms of the O-term in Blomer’s theorem,
as both of them naturally come from the spectral theory of automorphic forms. The result is nontrivial
as long as H ě X 23`ε.
As an immediate consequence, we have
Corollary 1.4. Let 1 ď H ď X{3. Let W be a smooth function with compact support in r1, 2s. Let
λ1pnq, λ2pnq, λ3pnq be Hecke eigenvalues of holomorphic Hecke eigencuspforms of weight κ1, κ2 and κ3
for SL2pZq respectively. Then
(8)
ÿ
h
W
ˆ
h
H
˙ ÿ
Xďnď2X
λ1pn´ hqλ2pnqλ3pn` hq ! Xεmin
ˆ
XH,
X2
H1{2
˙
.
The result is nontrivial only for H ě X 23`ε. One can remove the smooth function W in the h-sum, as
in [1].
If on the other hand, one allows one of the Fourier coefficients to be non-cuspidal, then the advantage
to open the divisor function enables us to enlarge the range of H to H ě X 13`ε. This feature of
decomposable functions was pointed out by Meurman in [11]. For instance one has the following result
which follows from the same line of proof of Blomer [1], although it is not explicitly stated as such in
that work.
Corollary 1.5 (Blomer [1]). Let 1 ď H ď X{3. Let W be a smooth function with compact support in
r1, 2s, and apnq, X ď n ď 2X, be any sequence of complex numbers. Let λpnq be Hecke eigenvalues of a
holomorphic Hecke eigencuspform of weight κ for SL2pZq. Then
(9)
ÿ
h
W
ˆ
h
H
˙ ÿ
Xďnď2X
apnqτpn ` hqλpn´ hq ! Xε
ˆ
H2
X1{2
`HX1{4 ` pXHq1{2 ` X
H1{2
˙
}a}2.
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Notation. x — X means X ď x ď 2X . We will use the ε-convention: ε ą 0 is arbitrarily small but
not necessarily the same at each occurrence.
2. Preliminaries
In this section we collect some lemmas that will be used in our proof. First let us recall the Voronoi
summation formula for holomorphic Hecke eigenvalues.
Lemma 2.1 ([10, Theorem A.4]). Assume pb, cq “ 1. Let V be a smooth compactly supported function.
Let N ą 0 and let λpnq denote Hecke eigenvalues of a holomorphic Hecke eigencuspform of weight κ for
SL2pZq. Then
(10)
ÿ
n
λpnqe
ˆ
bn
c
˙
V
´ n
N
¯
“ N
c
ÿ
n
λpnqe
ˆ
´ b¯n
c
˙
¨ 2πiκ
ż 8
0
V pxqJk´1
˜
4π
?
nNx
c
¸
dx
We will use the following variant of Jutila’s circle method [8], [9].
Lemma 2.2. Let Q ě 1 and Q´2 ď δ ď Q´1 be two parameters. Let w be a nonnegative function
supported in rQ, 2Qs and satisfies }w}8 ď 1 and
ř
cwpcq ą 0. Let IS be the characteristic function of the
set S. Define
(11) I˜pαq “ 1
2δΛ
ÿ
c
wpcq
ÿ‹
dpmodcq
Ir d
c
´δ, d
c
`δspαq,
where Λ “ řcwpcqφpcq. Then I˜pαq is a good approximation of Ir0,1s in the sense that
(12)
ż 1
0
|1´ I˜pαq|2dα !ε Q
2`ε
δΛ2
.
The feature of the circle method in our application, as in [4], is that the parameter Q turns out to
be just a “catalyst”, not entering into the final bound. This will become clear at the final stage of our
argument.
In order to state Kuznetsov’s trace formula and the large sieve inequalities, let us define the following
integral transforms for a smooth function φ : r0,8q Ñ C satisfying φp0q “ φ1p0q “ 0, φpjqpxq ! p1` xq´3
for 0 ď j ď 3:
9φpkq “ 4ik
ż 8
0
φpxqJk´1pxqdx
x
, φ˜ptq “ 2πi
ż 8
0
φpxqJ2itpxq ´ J´2itpxq
sinhpπtq
dx
x
.
We use the notations in [3] and [1]. Let Bk be an orthonormal basis of the space of holomorphic cusp
forms of level 1 and weight k. Let B be a fixed orthonormal basis of Hecke-Maass eigenforms of level 1.
For f P Bk, we write its Fourier expansion at 8 as
fpzq “
ÿ
ně1
ρf pnqp4πnqk{2epnzq.
For f P B with spectral parameter t, we write its Fourier expansion as
fpzq “
ÿ
n‰0
ρf pnqW0,itp4π|n|yqepnxq,
where W0,itp4π|n|yq “ py{πq1{2Kitpy{2q is a Whittaker function.
Finally for the Eisenstein series Epz, sq, we write its Fourier expansion at s “ 1
2
` it as
E
ˆ
z,
1
2
` it
˙
“ y 12`it ` ϕ p1{2` itq y 12´it `
ÿ
n‰0
ρpn, tqW0,itp4π|n|yqepnxq.
Then we have the following Kuznetsov’s trace formula in the notation of [3].
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Lemma 2.3. Let a, b ą 0 be integers, then
ÿ
cě1
1
c
Spa, b; cqφ
˜
4π
?
ab
c
¸
“
ÿ
kě2
k even
ÿ
fPBk
9φpkqΓpkq
?
ab ρf paqρf pbq
`
ÿ
fPB
φ˜ptf q
?
ab
coshpπtf qρf paqρf pbq `
1
4π
ż 8
´8
φ˜ptq
?
ab
coshpπtqρpa, tqρpb, tqdt.
(13)
We will use the following spectral large sieve inequalities of Deshouillers and Iwaniec [6].
Lemma 2.4. Let T,M ě 1. Let pamq, M ď m ď 2M , be a sequence of complex numbers, then all of the
three quantities ÿ
2ďkďT
k even
Γpkq
ÿ
fPBk
ˇˇÿ
m
am
?
mρf pmq
ˇˇ2
,
ÿ
fPB
|tf |ďT
1
coshpπtf q
ˇˇÿ
m
am
?
mρf p˘mq
ˇˇ2
,
ż T
´T
1
coshpπtq
ˇˇÿ
m
am
?
mρp˘m, tqˇˇ2dt
are bounded by
M εpT 2 `Mq
ÿ
m
|am|2.
We need the following lemma of Blomer-Milic´evic´ [4] for a certain type of Bessel transform, which
provides the asymptotic behavior of the weight function.
Lemma 2.5. Let W be a fixed smooth function with support in r1, 2s satisfying W pjqpxq !j 1 for all j.
Let ν P C be a fixed number with ℜν ě 0. Define
(14) W ‹pz, wq “
ż 8
0
W pyqJνp4π
?
yw ` zqdy.
Fix C ě 1 and A, ε ą 0. Then for z ě 4|w| ą 0 we have
(15) W ‹pz, wq “W`pz, wqz´1{4ep2
?
zq `W´pz, wqz´1{4ep´2
?
zq `OApC´Aq
for suitable functions W˘ satisfying
(16) ziwj
Bi
Bzi
Bj
BwjW˘pz, wq
#
“ 0, ?z{w ď C´ε,
! Cεpi`jq, otherwise,
for any i, j P N0. The implied constants depend on i, j and ν.
The lemma holds true for both positive and negative w, as long as z ě 4|w|. For a proof, see [4,
Lemma 17] and the remark after that.
From Lemma 2.5, one has the following easy consequence.
Corollary 2.6 ([4, Corollary 18]). Let ω be a smooth function supported in a rectangle rc1, c2s ˆ rc1, c2s
for two constants c2 ą c1 ą 0, and let Z " 1, W ą 1 be two parameters such that c1Z ě 4c2W , then the
double Mellin transform
xW˘ps, tq “ ż 8
0
ż 8
0
W˘pz, wqω
´ z
Z
,
w
W
¯
zswt
dz
z
dw
w
is holomorphic on C2, and satisfiesxW˘ps, tq !A,B,ε,ℜs,ℜt Cεp1` |s|q´Ap1` |t|q´B
on vertical lines.
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We will use this corollary when we try to separate variables, after the application of Kuznetsov’s trace
formula. Then, the following lemma of [1] will help us to truncate the lengths of summations. See also
[9, Lemma 3].
Lemma 2.7 ([1, Lemma 5]). Let Z " 1,τ P R, α P r´4{5, 4{5s and w be a smooth compactly supported
function. For
(17) φpzq “ e˘izαw
´ z
Z
¯´ z
Z
¯iτ
,
we have
(18) 9φpkq !A 1` |τ |
Z
ˆ
1` k
Z
˙´A
, φ˜ptq !A
ˆ
1` |t| ` Z
1` |τ |
˙´A
for t P R, k P N and any A ě 0.
Remark 2.8. From Lemma 2.7 we see that 9φpkq is negligibly small as long as |k| ą Z, so that later one
can truncate summation over k at Z, up to a negligible error. Moreover, in application, Z will usually
be relatively larger than τ , so that the contribution from φ˜ptq is always negligible. In particular, after the
application of Kuznetsov’s trace formula later, we only need to treat the contribution from the holomorphic
spectrum, since the Maass forms and Eisenstein series parts will be negligible due to the rapid decay of
the weight function φ˜ptq.
3. Proof of the theorem
Let λ1pnq, λ2pnq be the Hecke eigenvalues of holomorphic Hecke eigencuspforms of weight κ1, κ2 for
SL2pZq. We change the order of summation of n and h, fix n — X , and first deal with the sum over h
(19) Epnq :“
ÿ
h—H
λ1 pn` hqλ2 pn´ hqW
ˆ
h
H
˙
.
Let n` h “ m1 and n´ h “ m2, then m1 `m2 “ 2n, and we can rewrite the summation above as
(20)
ÿ
m1`m2“2n
λ1pm1qλ2pm2qW
ˆ
m1 ´ n
H
˙
V
ˆ
n´m2
H 1
˙
.
Here V is a redundant smooth function used to keep track of the support of m2, and H
1 is a parameter
to be determined later, satisfying H ď H 1 ď X{3. Later we will see that in our case, H 1 “ X{3 will give
the best result. Here one can take, say, V “W .
Remark 3.1. Let us make a comment on the difference between the shifted convolution sum in (20) with
the one treated by Blomer and Milic´evic´, [4, (3.7)]. In our case, we have localized both the variables m1
and m2 to vary in intervals around n. In Blomer and Milic´evic´’s case, one of the variables varies in
an interval of length 2H around n, while the other variable varies, say, in rH{2, 2Hs. One should also
note that for f a holomorphic cusp form, the sum
ř
m1`m2“X λf pm1qλf pm2q is just the X-th Fourier
coefficient of the cusp form f2 and thus one can apply Deligne’s estimate.
Now we follow the approach of Jutila [9] and Blomer and Milic´evic´ [4, sections 7 & 8]. Let C “ X1000
be a large parameter. Apply Lemma 2.2 with Q “ C and δ “ C´1. Let w0 be a fixed smooth function
supported in r1, 2s. Let wpcq “ w0pc{Cq. In particular we have Λ “
ř
cw0pc{Cqφpcq " C2´ε. Detecting
the condition m1 `m2 “ 2n by
ş1
0
epαpm1 `m2 ´ 2nqqdα and applying Jutila’s circle method, we have
Epnq “ rEpnq ` Error,
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where
rEpnq “ 1
2δ
ż δ
´δ
1
Λ
ÿ
c
w0
´ c
C
¯ ÿ‹
dpcq
e
ˆ´2nd
c
˙ÿ
m1
λ1pm1qe
ˆ
dm1
c
˙
W
ˆ
m1 ´ n
H
˙
epηpm1 ´ nqq
¨
ÿ
m2
λ2pm2qe
ˆ
dm2
c
˙
V
ˆ
n´m2
H 1
˙
ep´ηpn´m2qqdη,
(21)
and
Error “
ż 1
0
ÿ
m1
ÿ
m2
λ1pm1qλ2pm2qW
ˆ
m1 ´ n
H
˙
V
ˆ
n´m2
H 1
˙
epαpm1 `m2 ´ 2nqqp1´ I˜pαqqdα
!
˜ÿ
m1
ˇˇˇˇ
λ1pm1qW
`m1 ´ n
H
˘ˇˇˇˇ¸˜ÿ
m2
ˇˇˇˇ
λ2pm2qV
`n´m2
H 1
˘ˇˇˇˇ¸ ¨ C1`ε
δ1{2Λ
! X
2C1`ε
δ1{2Λ
! C´2{5
by the Cauchy-Schwarz inequality, Lemma 2.2 and the bound
ř
nďx |λf pnq|2 !f x.
Denote Wηpxq “W pxqepηxq and V´ηpxq “ V pxqep´ηxq. Then
rEpnq “ 1
2δ
ż δ
´δ
1
Λ
ÿ
c
w0
´ c
C
¯ ÿ‹
dpcq
e
ˆ´2nd
c
˙ÿ
m1
λ1pm1qe
ˆ
dm1
c
˙
WηH
ˆ
m1 ´ n
H
˙
¨
ÿ
m2
λ2pm2qe
ˆ
dm2
c
˙
V´ηH1
ˆ
n´m2
H 1
˙
dη.
(22)
Note that since |η| ď C´1 “ X´1000 is very small, the functions WηH and V´ηH1 have nice properties
inherited from W . In particular, one has W
pjq
ηH , V
pjq
´ηH1 ! 1 for any j ě 0, supported in r1, 2s, uniformly
for |η| ď C´1.
Applying Voronoi summation formula to the m1-sum, we have
(23)
ÿ
m1
λ1pm1qe
ˆ
dm1
c
˙
WηH
ˆ
m1 ´ n
H
˙
“ H
c
ÿ
m1
λ1pm1qe
ˆ
´ d¯m1
c
˙
W ‹ηH
ˆ
m1n
c2
,
m1H
c2
˙
,
where
(24) W ‹ηHpz, wq “ 2πiκ1
ż 8
0
WηHpyqJκ1´1p4π
?
yw ` zqdy.
Similarly,
(25)
ÿ
m2
λ2pm2qe
ˆ
dm2
c
˙
V´ηH1
ˆ
n´m2
H 1
˙
“ H
1
c
ÿ
m2
λ2pm2qe
ˆ
´ d¯m2
c
˙
V ‹´ηH1
ˆ
m2n
c2
,
m2H
1
c2
˙
,
with
(26) V ‹´ηH1pz, wq “ 2πiκ2
ż 8
0
V´ηH1 pyqJκ2´1p4π
?´yw ` zqdy.
Substituting these back into rEpnq, we get
(27) rEpnq “ 1
2δ
ż δ
´δ
rEηpnqdη,
with rEηpnq “HH 1
Λ
ÿ
c
w0pc{Cq
c2
ÿ
m1
ÿ
m2
λ1pm1qλ2pm2qSpm1 `m2, 2n; cq
¨W ‹ηH
ˆ
m1n
c2
,
m1H
c2
˙
V ‹´ηH1
ˆ
m2n
c2
,
m2H
1
c2
˙
.
(28)
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If one can establish a bound for
ř
n—X apnq rEηpnq, uniformly in η, then the same bound will hold true
for
ř
n—X apnqEpnq, and we are done.
By Lemma 2.5, we can write
W ‹ηH
ˆ
m1n
c2
,
m1H
c2
˙
“
ÿ
˘
W˘
ˆ
m1n
c2
,
m1H
c2
˙´m1n
c2
¯´ 1
4
e
ˆ
˘2
?
m1n
c
˙
`O `C´A˘ ,
for some W˘ satisfying (16).
Similarly we have
V ‹´ηH1
ˆ
m2n
c2
,
m2H
1
c2
˙
“
ÿ˘
V ˘
ˆ
m2n
c2
,
m2H
1
c2
˙´m2n
c2
¯´ 1
4
e
ˆ
˘2
?
m2n
c
˙
`O `C´A˘ ,
for some V ˘ satisfying similar conditions. Note that from now on we will not display dependence on the
parameter η anymore, since all of the estimations we obtain will be uniform in η, by our previous remark
on the nice properties of WηH and V´ηH1 .
By the bound (16), we can restrict the lengths of the new sums over m1, m2 to
m1 ď T1 :“ C
2`εX
H2
, m2 ď T2 :“ C
2`εX
H 12
,
up to a negligible error.
Now we further restrict the lengths of summations to dyadic segments. That is, we assume
m1 —M1, m2 —M2,
where M1 ! T1, M2 ! T2.
Denote b “ m1 `m2. Then
b —M1 `M2.
Then rEpnq will be a sum of at most OpplogCq3q terms, of the following form.
rEpn,M1,M2q “ HH 1n´ 12
Λ
ÿ
b—M1`M2
ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qm´
1
4
1
λ2pm2qm´
1
4
2
ÿ
c
Spb, 2n; cq
c
w0
´ c
C
¯
¨
ÿ
˘
ÿ˘
W˘
ˆ
m1n
c2
,
m1H
c2
˙
V ˘
ˆ
m2n
c2
,
m2H
1
c2
˙
e
ˆ
˘2
?
m1n
c
˙
e
ˆ
˘2
?
m2n
c
˙
`OpC´10q.
(29)
To prepare for the application of Kuznetsov’s trace formula, we combine the weight functions above
and write
(30)rEpn,M1,M2q “ HH 1n´ 12
Λ
ÿ
b—M1`M2
ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qm´
1
4
1
λ2pm2qm´
1
4
2
ÿ
c
Spb, 2n; cq
c
Φ
˜
4π
?
2nb
c
¸
,
where
(31) Φpzq “
ÿ
˘
ÿ˘
w0
˜
4π
?
2nb
zC
¸
W˘
ˆ
m1z
2
32π2b
,
m1Hz
2
32π2nb
˙
V ˘
ˆ
m2z
2
32π2b
,
m2H
1z2
32π2nb
˙
e˘i
?
m1
2b
ze˘i
?
m2
2b
z.
Note that the support of w0 implies that we can restrict z to
z — Z :“
a
XpM1 `M2q
C
.
We can attach a redundant smooth weight function w2p zZ q of compact support r1{100Z, 100Zs that is
constantly 1 on r1{20Z, 20Zs, to Φpzq.
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Now we separate the variables. We do this by Mellin inversion to the functions w0, W˘ and V ˘ (using
Corollary 2.6). This can be done with almost no loss since these functions are non-oscillatory, similar to
[4] and [2]. Thus we have
Φpzq “
ÿ
˘
ÿ˘
w0
˜
4π
?
2nb
zC
¸
W˘
ˆ
m1z
2
32π2b
,
m1Hz
2
32π2nb
˙
V ˘
ˆ
m2z
2
32π2b
,
m2H
1z2
32π2nb
˙
¨ e˘izp
?
m1
2b
˘
?
m2
2b
qw2
´ z
Z
¯
“
ÿ
˘
ÿ˘ ż
C
pw0ps1qxW˘ps2, s3qpV ˘ps4, s5qˆ4π?2nb
zC
˙´s1ˆm1z2
32π2b
˙´s2
¨
ˆ
m1Hz
2
32π2nb
˙´s3ˆm2z2
32π2b
˙´s4ˆm2H 1z2
32π2nb
˙´s5
ds ¨ e˘izp
?
m1
2b
˘
?
m2
2b
qw2
´ z
Z
¯
“
ÿ
˘
ÿ˘ ż
C
pw0ps1qxW˘ps2, s3qpV ˘ps4, s5qp4π?2q´s1p32π2qs2`s3`s4`s5Cs1Zs1´2s2´2s3´2s4´2s5
¨ pM1 `M2q´
s1
2
`s2`s3`s4`s5M´s2´s3
1
M
´s4´s5
2
H´s3H 1´s5n´
s1
2
`s3`s5
ˆ
b
M1 `M2
˙´ s1
2
`s2`s3`s4`s5
¨
ˆ
m1
M1
˙´s2´s3ˆ m2
M2
˙´s4´s5ˆ z
Z
˙s1´2s2´2s3´2s4´2s5
e˘izp
?
m1
2b
˘
?
m2
2b
qw2
´ z
Z
¯
ds,
(32)
where C is the fivefold contour taken over the vertical lines ℜs1 “ ℜs2 “ ℜs3 “ ℜs4 “ ℜs5 “ 0. Here
we denote ds “ 1p2piiq5
ś5
j“1 dsj . Note that due to the rapid decay of pw1ps1qxW˘ps2, s3qpV ˘ps4, s5q along
vertical lines, we can truncate the integrals above at |ℑsi| ď Cε, 1 ď i ď 5, at the cost of a negligible
error. We denote the truncated contour by rC.
We arrive at
rEpn,M1,M2q “ HH 1
Λ
pM1M2q´ 14
ÿ
˘
ÿ˘ ż
rC pw0ps1qxW˘ps2, s3qpV ˘ps4, s5qp4π?2q´s1p32π2qs2`s3`s4`s5
¨ Cs1Zs1´2s2´2s3´2s4´2s5pM1 `M2q´
s1
2
`s2`s3`s4`s5M´s2´s3
1
M
´s4´s5
2
H´s3H 1´s5
¨ n´ 12´ s12 `s3`s5
ÿ
b—M1`M2
ˆ
b
M1 `M2
˙´ s1
2
`s2`s3`s4`s5 ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qλ2pm2q
¨
ˆ
m1
M1
˙´ 1
4
´s2´s3 ˆ m2
M2
˙´ 1
4
´s4´s5 ÿ
c
Spb, 2n; cq
c
Θ
˜
4π
?
2nb
c
¸
ds`OpC´10q,
(33)
where
(34) Θpzq “ e˘izp
?
m1
2b
˘
?
m2
2b
qw2
´ z
Z
¯´ z
Z
¯s1´2s2´2s3´2s4´2s5
.
Now we apply Kuznetsov’s trace formula to the c-sum. By Lemma 2.7, the spectral sums can be
truncated at CεZ. Hence we obtain
(35)
ÿ
c
Spb, 2n; cq
c
Θ
˜
4π
?
2nb
c
¸
“ Hpnq `Mpnq ` Epnq ` (negligible error),
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where
Hpnq “
ÿ
2ďkďCεZ
k even
ÿ
fPBk
Γpkq ¨ 4ik
ż 8
0
ΘpzqJk´1pzqdz
z
¨
?
2nρf p2nq
?
b ρf pbq,
Mpnq “
ÿ
fPB
|tf |ďCεZ
2πi
ż 8
0
ΘpzqJ2itf pzq ´ J´2itf pzq
sinhpπtf q
dz
z
¨
?
2nb
coshpπtf qρf p2nqρf pbq,
Epnq “ 1
4π
ż
|t|ďCεZ
2πi
ż 8
0
ΘpzqJ2itpzq ´ J´2itpzq
sinhpπtq
dz
z
¨
?
2nb
coshpπtqρp2n, tqρpb, tqdt
(36)
are contributions from the holomorphic modular forms, Maass forms, and Eisenstein series respectively.
Now we are ready to sum over apnq, X ď n ď 2X . Summing over n, we get
ÿ
n—X
apnq rEpn,M1,M2q
“ HH
1
Λ
pM1M2q´ 14
ÿ
˘
ÿ˘ ż
rC pw0ps1qxW˘ps2, s3qpV ˘ps4, s5qp4π?2q´s1p32π2qs2`s3`s4`s5
¨ Cs1Zs1´2s2´2s3´2s4´2s5pM1 `M2q´
s1
2
`s2`s3`s4`s5M´s2´s3
1
M
´s4´s5
2
H´s3H 1´s5
¨
ÿ
n—X
apnqn´ 12´ s12 `s3`s5
ÿ
b—M1`M2
ˆ
b
M1 `M2
˙´ s1
2
`s2`s3`s4`s5 ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qλ2pm2q
¨
ˆ
m1
M1
˙´ 1
4
´s2´s3ˆ m2
M2
˙´ 1
4
´s4´s5ˆ
Hpnq `Mpnq ` Epnq
˙
ds`OpC´10q
:“ HH`MM` EE `OpC´10q,
(37)
with HH, MM, EE being contributions from holomorphic forms, Maass forms and Eisenstein series
respectively.
Note that for the function Θpzq in (34), the imaginary part ℑps1´ 2s2´ 2s3´ 2s4´ 2s5q ! Cε, which
is relatively small compared to Z. By Lemma 2.7 and the remark after it, it suffices to deal with the
contribution from the holomorphic spectrum, since the contributions from the other two parts will be
similar or even smaller. Also note that since we are considering the full modular group case, we do not
have exceptional eigenvalues contribution in the Maass spectrum.
Now we focus on the holomorphic contribution, which is
HH “ C
εHH 1
Λ
pM1M2q´ 14
ÿ
˘
ÿ˘ ż
rC pw0ps1qxW˘ps2, s3qpV ˘ps4, s5qp4π?2q´s1p32π2qs2`s3`s4`s5
¨ Cs1Zs1´2s2´2s3´2s4´2s5pM1 `M2q´
s1
2
`s2`s3`s4`s5M´s2´s3
1
M
´s4´s5
2
H´s3H 1´s5
¨
ż 8
0
ÿ
2ďkďCεZ
k even
4ikΓpkq
ÿ
fPBk
ÿ
n—X
apnqn´ 12´ s12 `s3`s5
?
2nρf p2nq ¨
ÿ
b—M1`M2
?
b ρf pbq
¨
ˆ
b
M1 `M2
˙´ s1
2
`s2`s3`s4`s5 ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qλ2pm2q
ˆ
m1
M1
˙´ 1
4
´s2´s3 ˆ m2
M2
˙´ 1
4
´s4´s5
¨ e˘izp
?
m1˘?m2qw2
˜?
2bz
Z
¸˜?
2bz
Z
¸s1´2s2´2s3´2s4´2s5
Jk´1p
?
2bzqdz
z
ds,
(38)
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after making the change of variable z ÞÑ ?2bz. The support of the smooth function w2 implies that
z —
?
X
C
in the inner integral.
Bounding the z-integral and si-integrals trivially, we have
HH ! C
εHH 1
Λ
pM1M2q´ 14 ¨ sup
|u1|,|u2|,|u3|,|u4|ďCε
z—
?
X
C
ˇˇˇˇ ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ÿ
n—X
apnqn´ 12`iu4
?
2nρf p2nq
¨
ÿ
b—M1`M2
?
b ρf pbqJk´1p
?
2bzq ¨ w2
˜?
2bz
Z
¸˜?
2bz
Z
¸´2iu3 ˆ
b
M1 `M2
˙iu3
¨
ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qλ2pm2q
ˆ
m1
M1
˙´ 1
4
`iu1 ˆ m2
M2
˙´ 1
4
`iu2
e˘izp
?
m1˘?m2q
ˇˇˇˇ
.
(39)
The Cauchy-Schwarz inequality further implies that
HH ! C
εHH 1
Λ
pM1M2q´ 14 ¨
ˆ
sup
|u4|ďCε
ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ˇˇˇˇ ÿ
n—X
apnqn´ 12`iu4
?
2nρf p2nq
ˇˇˇˇ2˙ 1
2
¨
ˆ
sup
|u1|,|u2|,|u3|ďCε
z—
?
X
C
ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ˇˇˇˇ ÿ
b—M1`M2
?
b ρf pbqJk´1p
?
2bzqγ‹pb, zq
ˇˇˇˇ2˙ 1
2
,
(40)
where
γ‹pb, zq :“ w2
˜?
2bz
Z
¸˜?
2bz
Z
¸´2iu3 ˆ
b
M1 `M2
˙iu3
¨
ÿ
m1`m2“b
m1—M1, m2—M2
λ1pm1qλ2pm2q
ˆ
m1
M1
˙´ 1
4
`iu1
e˘iz
?
m1
ˆ
m2
M2
˙´ 1
4
`iu2
e˘iz
?
m2 .
(41)
The large sieve inequalities yield that
ˆ
sup
|u4|ďCε
ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ˇˇˇˇ ÿ
n—X
apnqn´ 12`iu4
?
2nρfp2nq
ˇˇˇˇ2˙ 1
2
! Cε `Z2 `X˘ 12 X´ 12 }a}2.
Now it remains to deal with the second line of (40). We denote
p‹‹q :“ sup
|u1|,|u2|,|u3|ďCε
z—
?
X
C
ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ˇˇˇˇ ÿ
b—M1`M2
?
b ρf pbqJk´1p
?
2bzqγ‹pb, zq
ˇˇˇˇ2
.
We want to separate the k-variable from the argument of the J-Bessel function, so that one can apply
the large sieve inequalities. By the integral representation Jk´1pxq “ 1pi
şpi
0
cosppk ´ 1qξ ´ x sin ξqdξ, [7,
(8.411.1)], we have
Jk´1p
?
2bzq “ 1
2π
ż pi
0
´
eipk´1qξe´i
?
2bz sin ξ ` e´ipk´1qξei
?
2bz sin ξ
¯
dξ.
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Hence
p‹‹q ! sup
|u1|,|u2|,|u3|ďCε
z—
?
X
C
ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ˇˇˇˇ ż pi
0
eipk´1qξ
ÿ
b—M1`M2
?
b ρf pbq ¨ e´i
?
2bz sin ξγ‹pb, zqdξ
ˇˇˇˇ2
!
ż pi
0
sup
|u1|,|u2|,|u3|ďCε
z—
?
X
C
ÿ
2ďkďCεZ
k even
Γpkq
ÿ
fPBk
ˇˇˇˇ ÿ
b—M1`M2
?
b ρf pbq ¨ e´i
?
2bz sin ξγ‹pb, zq
ˇˇˇˇ2
dξ
! Cε `Z2 `M1 `M2˘ sup
z—
?
X
C
ÿ
b
ˇˇ
γ‹pb, zqˇˇ2
by Lemma 2.4.
In summary, we have arrived at
HH ! C
εHH 1
Λ
X´
1
2 pM1M2q´ 14 ¨
`
Z
2 `X˘ 12 }a}2 ¨ `Z2 `M1 `M2˘ 12 sup
z—
?
X
C
}γ‹}2.
Now for our purpose it remains to deal with the ℓ2-norm }γ‹}2 “
´ř
b
ˇˇ
γ‹pb, zqˇˇ2¯ 12 , where γ‹pb, zq is
defined in (41). By Parseval,
ÿ
b—M1`M2
ˇˇ
γ‹pb, zqˇˇ2 ! ż 1
0
ˇˇˇˇ
ˇ ÿ
m1—M1
λ1pm1q
ˆ
m1
M1
˙´ 1
4
`iu1
e˘iz
?
m1epm1αq
ˇˇˇˇ
ˇ
2
¨
ˇˇˇˇ
ˇ ÿ
m2—M2
λ2pm2q
ˆ
m2
M2
˙´ 1
4
`iu2
e˘iz
?
m2epm2αq
ˇˇˇˇ
ˇ
2
dα.
(42)
Note that both u1 and u2 are of negligible size here. The sup-norm of the m2-sum is bounded by
CεpM1{2
2
`zM2q, by Wilton’s bound
ř
nďx λf pnqepαnq !f x1{2`ε and partial summation. Next we open
the square, gettingÿ
b
ˇˇ
γ‹pb, zqˇˇ2 ! CεpM1{2
2
` zM2q2
ÿ
m1—M1
|λ1pm1q|2 ! CεpM1{22 ` zM2q2M1.
Similar sums without the twisted weight functions have appeared in the work of Jutila [9]. See also
Blomer and Milic´evic´ [4, (8.5)] for a similar sum.
Recall M1 ! T1 “ Cε C2XH2 ,M2 ! T2 “ Cε C
2X
H12 Z “
?
XpM1`M2q
C
! Cε X
H
, Λ " C2´ε, and C “ X1000
is a large parameter. In particular, sup
z—
?
X
C
ř
b
ˇˇ
γ‹pb, zqˇˇ2 ! Cεp X
H1 q2M1M2. Then
HH ! C
εHH 1
C2
X´
1
2 pM1M2q´ 14 ¨
`
Z
2 `X˘ 12 }a}2 ¨ `Z2 `M1 `M2˘ 12 ¨ X
H 1
pM1M2q
1
2
! C
εHH 1
C2
X´
1
2
ˆ
C2X
H2
¨ C
2X
H 12
˙ 1
4
ˆ
X2
H2
`X
˙ 1
2
¨
ˆ
X2
H2
` C
2X
H2
˙ 1
2
¨ X
H 1
¨ }a}2
! CεpHH 1q 12
ˆ
X2
H2
`X
˙ 1
2
¨ X
1{2
H
¨ X
H 1
}a}2
! Cε X
3{2
pHH 1q 12
ˆ
X
H
`X 12
˙
}a}2.
By taking H 1 “ X{3, we have HH ! Cε X
H
´
X
H1{2 ` pXHq
1
2
¯
}a}2, and henceÿ
Xďnď2X
apnqEpnq ! CεX
H
ˆ
X
H1{2
` pXHq 12
˙
}a}2.
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